All iΓ(G)-modules considered are assumed to be unitary finite dimensional left if((τ)-modules. If Mi is a i^G^-module, ί -1, 2, the outer tensor product M t # M 2 of M 1 and M 2 is the iΓ(G)-module whose underlying space is M x ® κ M 2 and where (g lf g 2 ) e G acts on M 1 ® r M 2 by (0i, #2) Σ^O^^Σ » Θ^mj, m, GMi, m\e M 2 , g ά e G d , j = 1, 2 .
It will be necessary to refer to the theory of the Schur index of absolutely irreducible representations of finite groups. In § 1 we present a treatment of this theory where the relevant theorems are proved for arbitrary fields. This treatment is included in the author's doctoral dissertation supervised by Professor Charles W. Curtis at the University of Oregon. During the preparation of this paper the author held a National Science Foundation Graduate Fellowship.
l The Schur index. The method used in [3, §70] to prove the relevant theorems about the Schur index for fields of characteristic zero does not seem to generalize to arbitrary fields. In that treatment attention is focused on the enveloping algebra of the representations rather than on the representations themselves. We work directly with modules 46 BURTON FEIN over group algebras. After Theorem 1.1 has been proved, the methods of [3, § 70] can be generalized to arbitrary fields. However, this approach seems to be unnecessarily long and complicated and we have chosen to present a unified treatment independent of these methods. For the convenience of the reader we have included several short arguments that are similar to ones appearing in [3] .
Before we can state our main results we need to introduce some terminology. We refer the reader to [3] for the relevant theory.
Let G be a finite group. A field E is a splitting field for G if every irreducible £ r (G)-module is absolutely irreducible. Let K be a field. By Theorem 69.11 of [3] there is a finite normal separable extension E of K which is a splitting field for G. For if K has characteristic p, there is a finite field F of characteristic p which is a splitting field for G. Since F is an extension of its prime field by roots of unity, a composite E •= F-K of F and K is a splitting field of the desired type. We shall assume throughout this section that E is a normal separable extension of K which is splitting field for G. K will be assumed to be an arbitrary field.
We denote the Galois group of E over K by <&(E \ K). Let JV be an £ r (G)-module with basis m u * ,m % over E, and let the action of G on JV be given by gπii -^s σ and τ will always denote elements of ^(E\K) while χ and ψ will always be characters of modules over group algebras.
Let JV be an irreducible E(G)-modu\e and let E* denote an algebraic closure of E. All fields considered will be assumed to be subfields of E*. N* = N(g) E E* is an irreducible £7*(G)-module. AT* is said to be realizable in a subfield /of E* if there is a J(G ί )-module V such that F®, E* s JV*. Let χ be the character of JV, χ* the character of JV*. Then χ*(g) = χ(g) for all geG.
We denote by K(χ) the field generated over K by the values χ(g), geG.
The Schur index m κ (N) of JV over K is the minimum value of (J: K(χ)), the degree of J over K(χ), taken over all fields J in which JV* is realizable, where K(χ)(zJc:E*.
In general, there will not exist a subfield J of E in which JV is realizable and such that (J: K(χ)) = m κ {N) [2] , Let M be an irreducible iΓ(G)-module. M is isomorphic to a minimal left ideal of a simple component A of K(G)/raά K{G) [3, Th. 25.10] . A is isomorphic to a complete matrix ring (D) n , D a division algebra with center L,Lz)K, and D = Hom*^ (M, M) [3, Th. 26.8 
where F is any maximal subfield of D [3, Th. 68.6] . We shall let rM denote the direct sum of r copies of M, where r is a natural number. We set M E = M(g) κ E. N will be assumed to be an irreducible E(G)-module which is a composition factor of M E . χ will be the character of N. Since A is associative, A may be viewed as an L-algebra. We denote this algebra by L A. A will denote K A. We shall maintain the above context throughout this entire section. THEOREM 
The center L of D is K{χ). A § § κ K{χ) is isomorphic to a direct sum of t copies of K{X) A, where t -(K(χ): K).
We begin with a lemma which is essentially proved in [3, Th. 70.15 
and so every composite of ϋΓ(χ) and L over iΓ is isomorphic to
It will always be clear from the context whether we are viewing A as a Z-algebra or as an L-algebra. We shall, therefore, not continue to distinguish between these algebras but shall simply write A for both K A and L A. We recall that a finite extension F of L is a splitting field for Proof. Since F is a separable extension of L. [3, Th. 69.10] . Let U be an L(G)-module so that U® L E* £* r a natural number, and such that U is isomorphic to a minimal left ideal of A (the existence of such a U was proved in the proof of
where A<ξ § L F ^ (D% ΛΓ* is realizable in F if and only if D' = F [3, Th. 29.13 ], Since F is a splitting field for D if and only if A 0 Z ί 7 = (F) r we are done.
£&β {σ^iV} form a complete set of nonisomorphic conjugates of the irreducible E(G)-module N, and t = (K(χ): K).
(
Therefore r = n-m(D). M is isomorphic to a minimal left ideal / of A. Since A = (D) n , A is isomorphic to a direct sum of n copies of I. Set m -m(D).
Then A0 K E is isomorphic to a direct sum of t copies of (E) mn so A ξξ) κ E is a direct sum of tmn minimal left ideals. . This proves (a) and (b) when K is perfect. Let K now have characteristic zero. We have seen that N is isomorphic to a minimal left ideal of (E) nm .
Then Hom E (JV, N) (
If AP is realizable in a finite algebraic extension J of K, then J" is a splitting field for D by Lemma [3, Th. 68.7] . This proves (d) and (e) for K of characteristic zero.
Case 2. K has characteristic p, p > 0. Assume first of all that K is finite. Then D is a finite skewfield and hence a field, D -K(χ) [3, Th. 68.9 ]. Since K is perfect and K(χ) is a splitting field for D, N* is realizable in K(χ). Therefore m κ (N) -1 by Case 1. We have m(D) = 1 also. We now assume that K is infinite. Let F == Z P (χ, σ ΰL, -', <?tX) where Z v is the prime field and the {σ{i} are the characters of the {OiN}. F is a finite field so the {σ^iV} are all realizable in F,
and (e) are now immediate. COROLLARY 
The characters of the nonisomorphic irreducible K(G)-modules are linearly independent over K.
Proof. The characters of the nonisomorphic i?(G)-modules are linearly independent over E [3, Th. 30.12] . Since the characters of M and M E are identical, the desired result is immediate from Theorem 1.4 (a) and (c).
REMARK. We have only stated the results concerning the Schur index that we will need in the following sections. Analogues of the other important theorems found in [3, §70] can also be easily proved by the methods used here.
It will be useful to have an expression for the relationship between the simple component A of iΓ(G)/rad K(G) and the irreducible £ 2* Outer tensor products of irreducible modules* Throughout this section K will denote an arbitrary field, G± and G 2 will denote finite groups, and G will be the direct product of G 1 and G 2 , G = G x x G 2 . E will denote a finite normal separable extension of K which is a splitting field for G. Mi will be an irreducible ^(G^-module, i = 1, 2, and M λ # M 2 will denote the outer tensor product of M x and M 2 . Ai will denote the simple component of i£(G;)/rad (KGi) corresponding (in the sense of Definition l β 6) to M if i = 1, 2. Let N { be an irreduciblê (G^-component of Mf.
For any σ, τ e g?(E\ K), σN x # τN 2 is an irreducible E(G)-module [1, Footnote, p. 587] , σN x $τN 2 will not, in general, be a conjugate of N λ § N 2 . We shall let ψ { denote the character of Ni, i -1, 2. All fields considered will be assumed to be subfields of E*, a fixed algebraic closure of E. Proof. Let σ, r G S^(2£ | JK"). We may clearly assume that σ e r€^,
In § 1 we observed that
Let L be the composite of L ± and L 2 over iΓ. Then 
Proof. Let F α , F ί2 , •••, F ί%(ί) be the set of (isomorphic) principal indecomposable jR^G^-modules such that V id = M i9 i -1, 2, j" = 1, 2, , 
is irreducible if and only if M 1 is an absolutely irreducible K(G^)-module.
Proof. The if part of the theorem is immediate from [1, Footnote, p. 587 [3, Th. 33.7] . For K of characteristic p we have m κ {Ni) = 1, i = 1, 2. In both cases Corollary 2.6 is immediate from the preceding theorem.
Given an irreducible i£(G)-module M, it is natural to ask when
If such Λfi exist, i = 1, 2, we say that ikΓ is factorizable.
If M" is a iΓ(G)-module, we denote by M G . the left ^(G^-module obtained by restriction of the set of operators on M from K(G) to K(Gi), i = 1, 2. The well known theory of central simple algebras over algebraic number fields has an interesting application to outer tensor products. Let K be an algebraic number field, G an arbitrary finite group, and E 8L finite normal extension of K which is a splitting field for G. We denote by G [r) the direct product of G with itself r times. Let N be an irreducible ^(^-module. N {r} will denote the .£7(G (r) )~module N$N § ••• #iV, the outer tensor product of N with itself r times. Let ψ be the character of N. [4, Satz 7, p. 119] . The desired conclusion now follows from Theorem 1.4 (b).
3* Derivable division algebras* Let D be a division algebra and K a subfield of the center of D. 
. B Q (K) is a subgroup of B(K). If K is an algebraic number field which is not an abelian extension of the rationals, then B 0 (K) has infinite index in B(K).
Proof. K is iΓ-derivable since K = Hom^( β) (N, N) with G the Assume that K is an algebraic number field which is not an Abelian extension of the rationale. Let L be the maximal abelian subfield of K. There exists a rational prime p which splits completely in K [6, Satz 114, p. 126] , (As Dr. Basil Gordon has pointed out, this result can also be proved purely algebraically.) Let L o , K o denote the rings of algebraic integers of L, K, respectively.
There exist prime ideals % and 2) 2 
